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Abstract 

o 

We study the problem of portfolio insurance from the point of view of a 
^ fund manager, who guarantees to the investor that the portfolio value at 

maturity will be above a fixed threshold. If, at maturity, the portfolio value 
is below the guaranteed level, a third party will refund the investor up to the 
guarantee. In exchange for this protection, the third party imposes a limit 
on the risk exposure of the fund manager, in the form of a convex monetary 
risk measure. The fund manager therefore tries to maximize the investor's 
^ utility function subject to the risk measure constraint. We give a full solution 

to this nonconvex optimization problem in the complete market setting and 
show in particular that the choice of the risk measure is crucial for the 
? l ~] optimal portfolio to exist. Explicit results are provided for the entropic risk 

measure (for which the optimal portfolio always exists) and for the class of 
spectral risk measures (for which the optimal portfolio may fail to exist in 
| some cases). 
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1 Introduction 



We consider the problem of a fund manager who wants to structure a port- 
folio insurance product where the investors pay the initial value vq at time 
and are guaranteed to receive at least the amount z at maturity T. We 
assume that if, at time T, the value of the fund's portfolio Vp is smaller 
than z, a third party pays to the investor the shortfall amount z — Vp- In 
practice, this guarantee is indeed usually provided by the bank which owns 
the fund. The final payoff for the investor will be 

Payoff = max (Vr, z) (1-1) 
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In exchange, the third party imposes a limit on the risk of shortfall — (Vr — 
z)~ , represented by a law-invariant convex risk measure p. We assume that 
the investors' attitude to gains above the guaranteed level z is modeled by 
a concave utility function u. 

The fund manager therefore faces the following problem: 

maximize E[u((Vr — z) + )] (1-2) 
subject to R(Vt) ■= p(—(Vr — z)~) < po and Vq = Vq. (1.3) 

The utility function applies only to the random variable (Vr — z) + as the 
investor is indifferent to the portfolio's value below the guarantee z. 

This is a nonstandard maximization problem, because the objective func- 
tion is not concave, and it therefore cannot be solved using standard La- 



grangian methods. We use a technique similar to the one developed in Jin 



and Zhou ( 2008 ) in the context of behavioral portfolio optimization to decou- 



ple the problem (1.2)-(1.3) into two separate convex optimization problems 
and show that in a complete market case the optimal solution has a simple 
structure. 

An interesting outcome of our study is that the maximization problem 



(1.2) may not admit an optimal solution for all convex risk measures, which 
means that not all convex risk measures may be used to limit fund's exposure 
in this way. We provide conditions for the existence of the solution and show, 
for example, that in the Black-Scholes model, the CVaR risk measure does 
not satisfy these conditions. 

Portfolio insurance is a widely popular concept in financial industry, and 
there exists an extensive literature on this topic. When the guarantee con- 
straint is imposed in an almost sure way, a common strategy is the option 
based portfolio insurance, which uses put options written on the underlying 
risky asset as protection. The optimality of OBPI for European and Ameri- 



can capital guarantee is studied in El Karoui et al. (2005). The difficulty of 



finding a sufficiently long-dated option for use in OBPI has lead to the ap- 
pearance of strategies which involve only the underlying risky asset, of which 
the most popular is the Constant Proportion Portfolio Insurance (CPPI), 



(Black and Perold 1992), where the exposure to the risky asset is propor- 
tional to the difference between the value of the fund and the discounted 
value of the guaranteed payment. If the price path of the underlying risky 
asset admits jumps, the CPPI strategy no longer ensures that the fund value 
will be a.s. above the guaranteed level at maturity, unless the portfolio is 



completely deleveraged ( Cont and Tankov , 2009 ) , which usually imposes too 



strong a restriction on the potential gains. 

The current market practice is therefore to require that the portfolio 
stays above the guaranteed level with a sufficiently high probability, or, for 
example, that it remains above the guarantee for a certain set of stress sce- 
narios, chosen from historical data coming from highly volatile periods. A 
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more flexible approach, which can take into account not only the probabil- 
ity of loss but also the sizes of potential losses, is to impose a constraint 
on a risk measure of the shortfall. This has led to the development of lit- 
erature on portfolio insurance and, more generally, portfolio optimization 
under probabilistic / risk measure constraints. 

Emmer et al.| (2001 ) study one-period portfolio optimization under Capital- 



at-Risk constraint (the Capital-at-Risk is defined as the difference between 
the mean value of the portfolio and its VaR) . Still in the one-period setting, 



Rockafellar and Uryasev (2000) provide an algorithm for minimizing the 



CVaR of a portfolio under a return constraint. Boyle and Tian (2007) discuss 
continuous-time portfolio optimization under the constraint to outperform a 
given benchmark with a certain confidence level. Like us, these authors also 
face some issues related to the non-convexity of the optimization problem, 
although the non-convexity appears for a different reason (non-convexity of 
the constraint itself). 



Another stream of literature (Follmer and Leukert , 1999 Bouchard et al. 



2009) considers hedging problems when the hedging constraint is imposed 



with a certain confidence level rather than almost surely. The viscosity so- 
lution approach of Bouchard et al. (2009) was extended in (iBouchard et al. 



2010) to stochastic control problems under target constraint (that is, for 



example, under the constraint to outperform a benchmark with a certain 
probability) but it does not seem to be possible to treat risk measure con- 
straints in this setting. 



He and Zhou (2010) have recently introduced a general methodology for 



solving law-invariant portfolio optimization problems by reformulating them 
in terms of the quantile function of the terminal value of the portfolio. While 
such a reformulation is in principle possible for our problem using the dual 



representation results for law-invariant convex risk measures (see Follmer 



and Schied (2004) and Jouini et al. (2006)), the resulting problem is still 



non-linear and non-convex so such a transformation does not necessarily 
simplify the treatment. 



Gundel and Weber (2007) solve the problem of maximizing the (robust) 



utility of a portfolio under a constraint on the expected shortfall, which 
includes, in particular, all coherent risk measures. The main difference of our 
paper from that of Gundel and Weber, and the main novelty of our paper 
is that in our approach, the utility function is only applied to positive gains 
while the risk measure is only applied to negative shortfall. This brings us 
much closer to the reality of portfolio insurance and at the same time allows 
to obtain explicit solutions. 

The rest of the paper is organized as follows. In section [2] we introduce 
the model and optimization problem, and state the main theoretical results, 
including a decoupling method to solve the problem ( |1.2[ ) and the condi- 
tions under which this problem admits a finite solution. In sections [3] and [4] 
we investigate the case where one uses, respectively, the entropic risk mea- 
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sure and the spectral risk measures. The proofs of all theoretical results are 
postponed to section [5j 



2 Main results 

Let (O, J 7 , Tti P) be a filtered probability space. We consider an arbitrage- 
free complete financial market consisting of d risky assets with (J r t)-adapted 



price processes (S\ 



=l,...,d 
0<t<T 



and the risk- free asset with price process S® = 1. 



We do not specify the dynamics of risky assets and the precise definition 
of admissible strategies because they are not relevant for what follows. See 



Karatzas and Shreve ( 1998 ) for the standard example of a market which sat- 



isfies our assumptions in the Brownian filtration. For an admissible trading 
strategy 7r, the investor's portfolio value is 



VO + 



7T u dS u 



The unique martingale measure will be denoted by Q, and we define £ := -S. 
The market completeness implies that for any J^-measurable random vari- 
able X with E[£|X|] < oo such that E [£,X] = vq, there exists an admissible 
trading strategy ir such that V£ ■= vo + J TttdSt = X a.s. 

Since the interest rate is zero, z < vq to avoid direct arbitrage for the 
investor. Moreover, without loss of generality, we will assume z = in the 
rest of the paper. 

The attitude of the investor towards gains above is measured, in 
the spirit of the Von Neumann-Morgenstern expected utility theory, by 
a twice differentiable, strictly concave and strictly increasing function u : 
[0, +00) — > R, satisfying the usual condition linL r _ s . +00 u'(x) = 0. We sup- 
pose u(0) = and we denote v(y) = sup x>0 (u(x) — xy) and I(y) := (u') -1 (y) 
if y < lim^o u'(x) and I(y) = otherwise. Moreover, we assume that the 
following integrability condition holds: E[v(X^)] < 00 for all A > 0. 

The risks are measured using the convex law-invariant risk measure p : 
X — > R U {+00} (see Follmer and Schied (2004)). The domain of definition 



X of p may contain unbounded claims and may be taken equal, for example, 



to LP as in Kaina and Riischendorf ( 2009 ) or a more general Orlicz space as 
in Biagini and Frittelli ( 2009 ) . To simplify notation later on, we additionally 



define p(X) = +00 if X < and X <£ X . 



Using the market completeness, the optimization problem ( 1.2 )-( 1.3 ) can 



be reformulated as the problem to find, if it exists, an X* £ H such that 



E[u ((**)+)] 



sup E \i 



(* + )] 



where 



H:={Xe L 1 (£P) |E [£X] < x , p (-X~) < p } 



(2.1) 



(2.2) 
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and xq = vq. To simplify the notation, let us define 

U{X) :=E[u (X + )] 



We choose po > p(0). The problem ( |2.l[ ) cannot be solved using classical 
Lagrangian methods because the function U is not concave. 
Since for all X £ H, 

E[u(X + )] = E[u(Xl A )} 

where A := {X > 0}, only XI a is important for the investor. This remark 
suggests the following decoupling: let (A,x + ) G J- x R + and consider 

Pi : maximize U(Z) subject to Z G Hi {A, x + ) (2.3) 
Hi {A, x + ) :={Z G L 1 (£P) | E [f Z] < x + , Z = on ,4 C , Z > on A} 
and 

P 2 : minimize E [£¥] subject to7G% (-4) (2.4) 
U 2 (A) := {Y G L 1 | p (Y) < Po , Y = on A, Y < on A c } 

For all ^4 G J 7 we define: 

A (A) := inf E [£Y] and x + (A) := x - A (A) (2.5) 

Yen 2 (A) 

and 

?7(yl,x + ):= sup C/(Z) (2.6) 
ZeHi(A,x+) 

Problem V2 is a minimization of a linear function over a convex set and, 
as we will see later, Problem V\ can be viewed as a concave maximization 
problem under a linear constraint. We will start by analysing Problems V\ 



and V2 and then Theorem 2.1 will clarify the relationship between these 



problems and (2.1). 



Remark 2.1. Before going on, it is important to investigate the behavior of 
Vi and V 2 on trivial sets. Iff (A) = then G H 2 (A) and then A (A) < 
which means that x + (A) > xq > 0. Therefore, G Hi (A, x + (A)) and 
U(A,x + (A)) = u(0). 

In the next lemma we will solve explicitly problem V\. 

Lemma 2.1. Suppose ¥ (A) > 0. The unique maximizer of problem Vi is 
given by 

Z(A,x + )=l[\(A,x + )£) 1 A (2.7) 
where X(A,x + ) is the unique solution of 

E[£l{\(A,x + )£) 1 A ] =x + . (2.8) 
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The value function U(A,x + ) is strictly increasing and continuous in x + , 
and for every A > there exists C < oo such that 



U(A,x + ) < C + AaT 
for all A £ T and all x + > 0. 



(2.9) 



The next example will clarify the role of A (A). Fix A such that P (A) > 
and suppose A (A) = — oo. It is then possible to find, for each n G N a 
random variable Y n G %2 {A) such that E [£Y n ] < —n. Define now 

n xo + n n 

x = mAi lA+Y 

It is clear that X n 6 # for all n and i7(X n ) — > sup x u (x), which means 
that Problem (2.1) does not admit a maximizer. To avoid this problem, we 
shall use one of the following assumptions on A: 



for all A G F, A (A) > -oo 
inf A (A) > -oo. 



(2.10) 
(2.11) 



Clearly, (2.10) depends on the particular choice of p and £. In particular, a 
choice under which A (^4) = — oo for some A is not appropriate in this kind 
of portfolio insurance. As we will see later in the example we will present, 
for the CVaFlA risk measure in the Black and Scholes model, A (^4) = — oo 
whereas the same risk measure coupled with a bounded £ satisfies (2.11). 

Assumptions (2.10) and (2.11) can be difficult to check; the following 
condition, which is simpler, guarantees (2.11) but it is not necessary. 



Proposition 2.1. Condition (2.11) is implied by the condition 

"train (CP) < +oo, 

where jmin is the minimal penalty function of p defined by 

7mm (Q) = SUp E Q [-X], 
X&A P 

where A is the acceptance set of p. 



(2.12) 



The following result clarifies the relationship between Problem (2.1) and 
V1-V2, giving us a method to solve the former. 



Theorem 2.1. Let (2.10) hold. Then, 



sup U (X) = sup U (A, x + (A)) 



(2.13) 



//, in addition, (2.11) holds, then both sides of (2.13) are finite. 
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Theorem (2.1) gives us a condition under which the value function of 
problem (2.1) is finite and a way to compute it: 
Algorithm 1 : 

1. fix A G T 

2. solve V 2 {A) and find A (A) 

3. solve V\ (^4) with parameter (^4, x + (A) = xq — A (^4)) 

4. maximize the value function of V\, U (A, x + (A)) (repeating the steps 
1-3), over A G T 

The next result establishes a link between the maximizers of problem 



(2.1) and Vi-V 2 . 



Theorem 2.2. Let fl2.10p hold. 

Suppose that X* achieves the maximum in Problem (2.1) and define 
A* := {X* > 0}. One has 



• A* achieves the maximum in the right-hand side of (2.13) 

• Y* := X* — X* 1a* G %2 (^4*) achieves the minimum in 1^2- 
Conversely, let A* G T , P {A*) > and Y* G %2 (A*) such that 

U (A*,x + (A*)) = sup U {A, x + (A)) 

E\£Y*] = A(A*)= inf E [£F] 
re« 2 (A*) 



TTien a solution of problem (2.1) is given by 

X* :=/(A*£) i A * 



(2.14) 



where X* = X(A*,x + (A*)) verifies ( |2.8| ). in t/iis case, t/ie payoff for the 
investor will be 

Payoff=I(X*i)l A * (2.15) 

Remark 2.2. Algorithm 1 and Theorem \2.S\ give us a way to find an optimal 
solution for problem (2.1) if we are able to find a maximizer in (2.13) and 
the minimizer in V 2 - 

But what happens in the case when the maximizer in (2.13) or the min- 
imizer in V2 does not exist? In this case, under Assumption 2.1C\ following 
the steps of the proof of Theorem \2.13\ one can show that for all e > there 
exist A £ G T, X s G R and Y £ G 7i2(A £ ) such that 



X £ := [I(X £ 0] 1^+Y £ 
verifies U (X £ ) + e > sup Xe # U (X). 



(2.16) 
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The main difficulty in applying Theorems 2.1 and 2.2 is how to find a 
maximizer A*. Generally, maximization over the sets in T is not simple. Our 
aim here is to show that this latter maximization may be carried out over a 
subset of J 7 , parameterized by a real number. A similar approach was taken 
in 



Jin and Zhou (2008). 



We already know, from Theorem |2.1[ that 

sup U (X) = sup U (A, x + (A)) = sup sup U (X) 

XeH AeJ 7 AeT XeHi(A,x+{A)) 

In order to focus our attention on the set dependence, we will introduce the 
following notation: 

v(A):= sup U{X) (2.17) 

XeHi(A,x+(A)) 

Let us also define £ := essinf £ and £ := esssup£. 

Theorem 2.3. Suppose that the law of £ has no atom and let A £ T '. Let 
c E such that P (f < c) = P (A). Then 

v (A) < v ({£ < c}) (2.18) 

which means that 

sup U (X) = sup v {A) = sup v ({£ < c}) . (2.19) 

xen Aar ce [^] 

In order to make the notation simpler, let v (c) := v ({£ < c}). With this 
result, we can make Algorithm 1 simpler: 
Algorithm 2: 

1. fix c G and consider ^4 = {£ < c} 

2. solve 7*2 with parameter ({£ < c}) and find A (c) := A ({£ < c}) 

3. solve Pi with parameters ({£ < c} , xo — A (c)) 

4. find c* that maximizes c i— >■ v (c) 



The question of the existence of c* which maximizes c i— > v(c), and the 
related question of the existence of the optimal pay-off for the fund manager 
is difficult to answer for general risk measures. A complete answer to this 
question will be given in section [3] in the case of the entropic risk measure 
(see Theorem 3.1 ) and in section [4] for spectral risk measures (Theorem 4.1 ). 
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3 Example: entropic risk measure 



In this section we show how Theorems 12.21 and 12.31 can be used to solve 



problem (2.1 ) when the risk measure in question is the entropic risk measure 



(ERM) defined by 



pp (X) :=/31nE 



cxp 



X 



(3.1) 



where f3 > 0. Throughout this and the following section, we use the notation 
of Section [2] and suppose that all the assumptions stated in the beginning 
of that section stand in force. 



As shown in Example 4.33 in Follmer and Schied (2004) (see also section 



5.4 in Biagini and Frittelli (2009) for the case of unbounded claims), the 



entropic risk measure can be represented as 



pp (X) = sup E Q [-X] - /?E C 

Q«p,io g (§)eL 1 (Q) ^ 

In particular, lmin (fP) = /3E [flog (£)]. 



log 



r/P 



Theorem 3.1. Let the risk measure p be given by (3.1) and assume that 



the state price density f has no atom and satisfies f log ( 6 L 1 (P) . Then the 
optimal payoff for the fund manager is given by 



V* 



log 



1] (c*) 



!{£>c*} 



where 



X (c) is the unique solution o/E [£/ (A (c) f ) i{^< c }] = xo — A (c) 
a (c) = P (C > c) 
A (c) = -/3E 



£i°g(Hvi 



rj (c) is the unique solution of: E 



1L 



VI 1 



e + a(c) - 1. 



c* attains the supremum of c — > E [n (/ (A (c) f )) i|^< c }] 



Numerical example We will apply Theorem 3.1 in a simple case. Let 
the market be composed of one risky asset, S, which follows the Black and 
Scholes dynamics: 

dS t = S t {bdt + o-dWt) S >0 
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Suppose fj, = bja > 0. The unique equivalent martingale measure is given by 

Q = fP, where £ = exp(-/iW T -^ 2 T/2) = [S T exp (T (a 2 - b) /2) /5 ]~^. 
We will use the exponential utility function u (x) = l—e~ Sx . For this example 
we take b = 0.15, a = 0.4, \i = 0.375, T = 1, So = 5, Xq = 1.5, = 1.5, 
P = 1, and <5 = 0.6. 

The optimal pay-off is a spread of two options on the log contract 
log(Sr): one option is sold to match the desired risk tolerance and the second 
one is bought to obtain the gain profile desired by the investor. 



X* 



^log(S T ) + ^i 



!{St>s*} -P[K2-L log (S T )} + 1 {St<s * } (3.2) 



where the numerical values of the constants are 

s* = S exp (T (b - a 2 ) /2) (c*)"^ = 1.70907 
b_ 

72 = 




1.34026 



3.18886 



The optimal pay-off of the fund manager as function of St is shown in Figure 
[T] Figure [3] shows the gain for the investor compared to the situation where 
no risk is allowed. The (opposite of) extra capital made available due to 
the risk tolerance is given by A (c*) = —1.17387 and the probability of no 
loss is P (St > s*) = 0.946722. Finally, the optimal value function for V\ is 
v (c*) = 0.900134. Figure [2] shows the value function as function of c. 

4 Example: CVaR and spectral risk measures 

The CVaRp is a coherent risk measure defined by 

1 rP 1 rP 

CVaRp (X) := - / VaR u (X) du = -- / F^(u)du, (4.1) 
P Jo P Jo 

where FZ is a generalized inverse distribution function of X. Since the 
generalized inverse distribution function has at most a countable number of 
discontinuities, this definition does not depend on the particular choice of 
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Figure 1: Optimal pay-off of the fund manager as function of the stock 
value St- 




Figure 2: Value function of Problem V\ as function of c. 



11 




Figure 3: The gain obtained by allowing a risk tolerance. The solid curve 

le dotted curv 
under E [£X] = xq 



shows the optimal pay-off for the investor as in ( 1.1 ) and the dotted curve the 

-5X+' 



optimal one when no risk is allowed: maxE 
and X > 0. 



1 
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this function (right-continuous or left-continuous). In this section we shall 
always use the definition 



F^iu) := inf{x : F{x) > u} 



(4.2) 



with the convention inf = +00. 

The CVaR is the building block for a wide class of coherent risk measures 
called spectral risk measures. Given a probability measure fi on [0,1], the 
spectral risk measure p^ is defined by 



The function <fi is right-continuous, nonincreasing and by Fubini's Theorem, 
J Q 1 4>(x)dx = 1. The case p(du) = 5p(du) corresponds to CVaRp. The 
function (f> completely characterizes the spectral risk measure p^. 

In this section, we solve the portfolio optimization problem when the 
risk constraint is given by a spectral risk measure. We first need to compute 
the mappings A — > A (A) and ch- A(c). 

Lemma 4.1. For A € F with P (A) < 1, let F^ be the conditional dis- 
tribution of £ on A c and define cla '■= P(A C ). A(A) < —00 if and only 




Jo Jo 



where 




(4.4) 



if 



gr 1 (1 - x) 



< +00 



(4.5) 



In this case 



A (A) 



— po max r (x) 
xe[o,i] 



(4.6) 




(4.7) 



Corollary 4.1. The function A(c) is given by 



A(c) = -po max . R(z) 

0<z<a(c) 




Assume that the limit 




(4.8) 
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exists. Then 

F7 1 (1 - x) 
limA(c) = -p — . 

cU <P ( x ) 

The following theorem, which is the main result of this section, characterizes 
the solution of the problem (2.1) when the risk constraint is given by a 
spectral risk measure via a one-dimensional optimization problem. 

Theorem 4.1. Assume that there exists c* with P[£ > c*] > such that 
v(c*) = max^ <c< ^(c) with 

«(c)=E[u(I(A(c)0)l{<c], 
where A(c) is the solution of 

J 1 1 (p(u)du 



Then the solution to the problem (2.1) is given by 

X* = I(\(c*)Oh<c* - "° lt> c *. 

J 1 1 4>(u)du 

Remark 4.1. // sup^ <c< ^ v (c) is attained only by c* = £ and 

hm . . s < oo, 

c ^Jo 

f'i/ie latter condition holds, in particular, if£ < oo), then inf^gjr A(A) > -co 
this infimum is not achieved: the extra gain from allowing a risk tolerance 

is bounded, but the optimal claim does not exist. Intuitively, claims which are 

"almost optimal" will lead to a very large loss occurring with a very small 

probability. 
If 

hm sup p[ , = oo 

^ So Hu)du 

then inf^ g jr A(A) = —oo: the extra gain from allowing a risk tolerance is 
unbounded. 



The special case: CVaRp 

In this case, \i (du) = 8p (du) and <j)p (x) := hl{p >x y, and the limit appearing 
in Condition (4.5) in Lemma 4.1 becomes 



lim (3F~ 
•-►0+ 5 



1 



x 



ft 



Corollary 4.1, Lemma 2.1 and Theorems 2.3 and 4.1 enable us to give the 
solution of Problem (2.1): 
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If £ := essup£(u;) < oo, then the value function of problem (2.1) is: 

sup U (X) = sup E [u (I (A (c) 0) 1 {? < C} ] (4.9) 

where A (c) is the unique solution of 

E [£J (A (c) C) 1 {5 < C} ] = xo + Po ! gf 

1 A ^ 

If £ = +oo then there exists A £ with A (^4) = — oo. 



The maximum in (4.9) is always attained for some c* G [£, £] because the 



value function is continuous and [£, £] is compact. If c* < £ then Theorem 



4.1 applies and then we have a optimal solution for Problem (2.1). If the 



maximum is attained at c* = £, then, as in Remark 
does not exist. 



4.1 



the optimal claim 



Remark 4.2. From Theorem 4.47 in Follmer and Schied (2004), the min- 
imal penalty function for the CVARp is given by: 







< 



V <SP — /9> 
+oo otherwise 



-a.s 



If £ is bounded but P ^£ > JjJ > i/ien 7 m j n (£P) = +oo and we have an 
example of a situation where Assumption (2.11) holds but the stronger as- 



sumption (2.12) fails. 



5 Proofs 

5.1 Proof of Lemma 12.11 

Introduce the new probability space (A, Fa '■= {B D A, B £ J 7 }, P (• | A)) and 
let E^ denote the expectation under the conditional probability P (• | A). The 
maximizer of V\, if it exists, is given by 

Z(A,x + ) =W(A,x + ) 1 A 

where W(A,x + ) is the maximizer of the following problem on the new prob- 
ability space: 

sup E A [u (W)] 
W>0 



subject to E A [£W] 



(AY 
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This is a classical problem of maximizing a concave function under a linear 



constraint which can be solved by Lagrangian methods (see e.g., Karatzas 



and Shreve (1998)). First, v is continuously differentiable, and since the 
mapping A i— > E[u(A£)] is convex and finite for all A, it is differentiable, 
and using Fatou's lemma we get that E[£i/(A£)] = E [£/ (A£)] < +00 for all 
A > 0. Therefore, the solution to the above optimization problem is 



W(A,: 



l{X{A,x + )C) 



where A (A, x + ) is the unique solution of E^ [£/ (A£)] = j^y- 

To show that x + 1— > U (A, x + ) is strictly increasing, let xf < xj. Then 
the random variable 



X = J (A {A,x+)Z) n + 



belongs to Ji\ (A, x^) , which proves that U (A, xf) < U (A, : 
The continuity of U follows from inequality 

u(I(A0)<«(£) + £/(A0 



(5.1) 



and the continuity of x + \-¥ \(A, x + ), which is straightforward since the 
function A \-t K[£I(A£)1a] is strictly decreasing and continuous. The upper 



bound on U is also a consequence of (5.1), after taking expectations. 



5.2 Proof of Proposition 2.1 

By definition of 7 min , 



sup E[-£Y] 

Y&A P 



= sup E[-£Y]- Po 
Y+p eAp 

> sup E [-£Y] - po 

Y+po£A p ,Y<0 

> sup E [-£¥} - p 

Y+p eAp, Y<0, Y=0 on A 

= sup E[-£y]-po = -A(A)-po, 

yeW 2 (A) 



from which the result follows. 



5.3 Proof of Theorem I2TH 



Let us first prove (2.13). We start with the inequality "<". Let X n € H 
such that C/(X n ) f sup XeH U(X). Define A n := {X n > 0} and x n := 
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One has then 



U(X n ) = U{X n l An ) 

< U(A n ,x n ) 

< U(A n ,x + (A n )) 

< sup U(A,x + (A)) , 

The first inequality holds because X n \A n £ Hi (A n ,x n ) and U(A n ,x n ) is 
the sup over Hi (A n ,x n ). The second inequality follows from the fact that 
U (A, x + ) is nondecreasing in x + provided we can prove that x n < x + (A n ) = 
x - A (An). Let Y n := X n - X n l An , then Y n G U 2 (A n ) and then 

e > inf e \m 

YeH 2 (A n ) 



which means 



xq - x n > A (A n ) = x - x + (An) 



i.e. x n ^ x - * - (j4n) 

Let us now focus on the inequality ">" . Let A n G T be such that 

17(4 n , x+ (4 n )) \ sup 17 (4, 2;+ (A)) : — S*, n — > +oo 

By the assumption of the theorem, x + (A n ) < oo for all n. Fix e > 0. Our 
aim is to find, for every n, X n G i7 such that 

l/(X n )>l/(4 n! x + (4 n ))-e (5.2) 

Since e is arbitrary it will then follow that sup x ^H U(X) > S. If P(A n ) > 0, 



by Lemma 2.1 there exists an explicit maximizer of Problem "Pi, denoted by 
Z(A n , x + ), and U(A n ,x + ) = U(Z(A n , x + )) is continuous in x + . Therefore, 
we can find Y n G H.2(A n ) with E[£Y„] sufficiently close to A(A n ) so that 
U(A n ,x -E[£Y n }) > U(A n ,x + (A n ))-e. ThenX n := Z(A n , x -E[£Y n ])+Y n 



satisfies (5.2). If P(A n ) = then, as we saw in Remark 2.1, taking € H 



and X n = satisfies 17(X n ) = u(0) = U (A n , x + (A n )). 



Finally, the fact that S < oo under Assumption (2.11) follows directly 



from the estimate (2.9). 



5.4 Proof of Theorem Q 



Let X* G 71 be an optimal solution for ( |2T| ), 4* = {X* > 0} and = 
X*l x *<o- It is clear that Y* G % 2 (4*). It is also clear that F(A) > 0, since 
otherwise E[£7T*] < xq and one can increase the utility and reduce the risk 
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by increasing X* . Theorem 2.1 and the fact that U(A, x + ) is increasing in 



x + (Lemma 2.1) then give: 



sup U (A, x + (A)) 



= sup U (X) 
X&H 

= U(X*) 

= U{X*1 A *) 

= U(A*,x -E[tY*}) 

< U(A*,x + (A*)) 



which means that A* achieves the supremum in (2.13). Moreover, since 



U(A, x + ) is strictly increasing in x + , we get a contradiction unless x + (A* 
xq — E[£Y*], which means that Y* achieves the minimum in V<i- 



Conversely, assume that A* is a maximizer of (2.13) and Y* is a mini- 



mizer of V%. We can then s olve Problem V\ with parameters (A* , xq — A(A*)) 
and we know, by Lemma 



Let then 

We have p(-(X*)~) 
Theorem 12.21 we deduce 



2.1 



that its solution is given by [l(A*£)~ 



X* 
p(Y* 



U(X*) 



= I (A*0 1 A . + Y* 
< po and E [£X*] < x , 

= U(X*1 A *) 

= U(A*,x + (A*)) 

= sup U (A, x + {A)) 

= sup U {X) . 



i.e. X* £ H. Usino 



5.5 Proof of Theorem Q 



We will use the methods developed in Jin and Zhou ( 2008 ) (see the proof of 
Theorem 5.1). There are however some important differences in our proof 
which arise in particular due to the presence of risk measures in our context. 

The theorem will be proved in two steps: in Step 1 we will prove that for 
every A G J 7 , there exists c > such that A (A) > A (c) := A ({£ < c}) so 
that x + (c) := xq— A ({£ < c}) > x + {A), and in Step 2 we will find, for every 

X G %x(A,x+), an X G Hi ({£ < c} , x+ (c)) such that U (x\ > U (X). 

We can then conclude that v (c) := v ({£ < c}) > v (A) 

Treating separately the trivial cases as described in Remark 2.1 we can 
assume < P (A) < 1, and set a = F(A C ) = 1 - F(A). Let us fix c G 
so that 

P (C < c) = 1 - a 
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This is possible since £ has no atom. Consider the following sets: 

Ai = < c} n A A 2 = {t>c}C\A (5.3) 
Bi = < c} n A c B 2 = {£ > c} n ,4 C (5.4) 



from which it follows F (A 2 ) = P(-Bi). If P(^) = then 4 = < c}, so 
we can suppose P (^2) > 0. 

/Step i. Let y £ ^2(^4)- Our aim is to construct Y £ H 2 ({t; < c }) with 
E[fY] = E[^y] and > p(Y). This will imply that A (A)) > A(c). 

Introduce the following notation: 

1. h{t) :=F{Y <t|5i) 

2. 5l (t) :=P(£<t|4 2 ) 

3. Zi = 51 (£), that is, C {Z\\A 2 ) = U([0, 1]), because £ has no atom. 

4. Wj = /f 1 (Z\), that is, the law of W on ^2 is the same as the law of 
y on Bx. 



Let 



E[gyi Bl ] 



if Wi = on A 2 
otherwise 



Observe that since ^< con Bi, and £ > c on A 2 , we have that < 1. Now 
define 

Y = Yl Ba + kW 1 l Aa . 

By definition, y = on {£ < c} and Y < on {£ < c}. In addition, since 
fci < 1, we easily get that P(~y > t) < F(-Y > t) for every t > 0. 
Let F and F be the distribution functions of, respectively, — Y and —Y, 
and F^ 1 and their generalized inverses (defined in (4.2)). From the 



above inequality, they satisfy F 1 (u) < F 1 (u) for all u 6 [0, 1]. Let U be a 
random variable with uniform distribution on [0, 1]. Since p is law invariant, 
we obtain that p{Y) = p{-p- l (U)) < p(-F~ l (U)) = p(Y) < p and 
therefore Y e H 2 ({£ < c}) . On the other hand, E[£Y] = E[£Y] (this is due 
to our choice of the constant k). Since the choice of Y was arbitrary, this 
means that A (A) > A(c). 

Step 2. Let X be feasible for V\ with parameter (A,x + (A)), and define 

1. f 2 (t) :=F(X <t\A 2 ) 

2. g 2 (t) :=P(£<t|5i) 
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3. Z-i = 92 (0 

4. W2 = f^ 1 (Z2), that is, the law of W2 on B\ is the same as the law of 
X on A 2 . 



Let 



ko := < 



1 if W 2 = on Si 



otherwise 



E[£W 2 l Bl ] 

Note that now, k2 > 1. We define a new random variable X by 



X := Xl Al + W 2 l Bl + 



x + (c) - x + {A) . 

E [ei{«<c } ] 



L «<c} 



(5.5) 



We have E 



ex 



x + (c) and it is easy to see that X £ Hi ({£ < c} , x + (c)). 



Moreover, since k 2 > 1, a simple computation shows that 

P (W" > f) > IP (X > t) 

By definition, 

r+oc 

U (X) = E [« (X+)] = / P (X+ > u- 1 (t)) dt 



U W =E 



+00 



but since u 1 (t) is positive, 

\W + > u- 1 (t)} = {# > n- 1 (t)} 

{x+> u - 1 (0} = {x> u - 1 (t)}, 

which enables us to conclude that U (X) < U (^X^j . 
5.6 Proof of Theorem 13.11 



(5.6) 



Proof. The proof is just a simple application of Theorems 2.2 2.3 Lemma 
2.1| and Lagrangian methods. 

Fix c and consider the problem: 



s.t. 



infE[£Y] 
p(X)<Po 

Y = on A, Y < on A c and 
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where A = {£ < c} 

Working on the new space (a c , P := {B n A c , B € J 7 }, P := P(-| A c ) ) , we 
can transform this minimization into 



inf a(c)E[£W] 



s.t. 



E 



< <y (c) , iy < o 



where 



5(c) 



e /3 + a (c) - 1 
a (c) 



Using Lagrangian methods we can find the unique optimal solution: 



W* (c) := -P 
where rj (c) is the unique solution of: 



log 



7/(c) 



E 



7](c) 



VI 1 



L 5>c 



e + a(c) - 1, 



and so 

Y* (c) :=W* (c)l {5>c} 
A simple calculation then gives: 



A (c) = -/3E 



Clog 



77(c) 



V 1 



If now we set x+ (c) = xo — A (c), by Lemma 2.1 , Problem V\ with param- 
eters ({£ < c} , x + (c)) can be solved and its unique solution is 

I(C)=/(A(C)0% C} , 



where, by (2.8), 



E[?/(A(c)0% c} ]=x + (c) 



Using Theorem 2.3, the optimal c* is the maximizer of the function 

c->E[u(/(A(c)0)l{f< c }] • 



□ 
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5.7 Proof of Lemma 14.11 

Proof. In order to compute A (A) we reformulate Problem V<i in terms of 
the conditional distribution function of Y £ H2 {A) on A c . Introduce a new 
probability P via = 7^ • Let Fy be the distribution function of Y under 

this probability and Fy 1 its generalized inverse. Using this new probability 
we can rewrite the ingredients of our problem as 

EfcF] = a A E[£Y] 

and 

CVAR P {Y) = -- F Y \u) = -- Fy\u/a A )du 
P Jo P Jo 



OiA I a A 

' P- Jo 



Al 



F Y 1 (u)du. 



and then using (4.3) we obtain 



Pn(Y) = -a A 4>{a A u) F Y l {u)du. 



To express E[£Y], we use the following well known result: 

Lemma 5.1. Let Fi and F2 be distribution functions on [0, 00). Then 



sup E[XY] = [ Ff 1 (u)Fr 1 

Fi, Y~F 2 JO 



Using this lemma, Problem Vi can be expressed as 



(u)du. 



A (A) = a A M f F- 1 {u)F Y l (l-u)du (5.7) 
Jo 

subject to — a A / (a A u) Fy 1 (u)du < po, (5-8) 
Jo 

where the inf is taken over all generalized inverse distribution functions Fy 1 
of non-positive random variables. Such a function can always be written as 

Fy 1 ^) :=- f\(du), (5.9) 

J u 

where Q is a positive measure on [0,1]. Using Fubini's theorem, we can 
rewrite problem (5.7)-(5.8) in terms of this measure: 

A (A) = -o^sup C(ds) J F^(l - u)du) 



subject to a A ^J ((ds) J 



4> (a A u) du I < po 
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The solution of this problem can easily be shown to be a point mass: £ = h5 x 
where h > and x £ [0,1] can be found from 

A (A) = —ola sup yh - u)dttj (5.10) 

I'X 

subject to ctAh / <p (a^u) = po, (5-11) 
Jo 



The constraint (5.11) gives us 

h = h(x) 



Po 



and using definition (|4.7|) we get 

A (A) = 



a A Jo 4> (was) ds 



"A sup . x 

xe[o,i] V«A Jo 0(aAs)as 



= -p sup r(x) 
xe[o,i] 

The function r is differentiable on (0, 1] and may only have a singularity at 
x = 0; using l'Hopital's rule, we get 



(0+) = lim 



X-+0 (j) (x) 

So A (A) < +oo if and only if r is bounded on [0, 1], which is true if and 
only if r (0+) < +oo. □ 



5.8 Proof of Corollary 4.1 



Proof. In order to make the dependence on c explicit, we introduce the 
notation 



A (c) := — po max R (x, c) 

xe[0,i] 



where 



R(x,c) :-- 



a{c)J*F- l {l-u)du 
J a(c)x ^(u)du 



Noting that F^(l - u) = F f _1 (l — a(c)u) > c and making a change of 
variable, 



E 



R (x, c) 



^ 1 { C <?} 1 {F- 1 (l-x)<5}J E ^ 1 {c<5} 1 {F- 1 (l-x)<€} 



E 



E 



Io a{c)X <t>^)du 

^ 1 {l-^(C)<a(c) a: } 



J^ X Hu)du 



So a{c)x mdu 
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The function A(c) can then be rewritten as 



A(c) = — po max R(z), R(z) 

0<z<a(c) 



E 



^{l-ffcKX*}. 



lo <t> («) du 



□ 



5.9 Proof of Theorem IQl 



Proof. Prom Theorem 2.3 we need to maximize the function ch> i>(c) over 
c E [£, £]. Assume that v(c) achieves its maximum at the point c* such that 
A(c*) = —pR(z) with z < a(c) and let d = a _1 (z). Then, A(c) is constant 
on the interval [c, d], which means that x + {c) = x + (c'), 

%i (U<c},x + ( C )) cn 1 ({^<d},x + (d)) 

and therefore t>(c) < v{d). This argument shows that the solution of the 
optimization problem appearing in the right-hand side of (2.19) does not 
change if we replace the expression for A(c) given by Corollary 4.1 by 



-p R{a(c)) 



/* K>c] <p(u)du 



Applying Lemma 2.1 we then find 

«(c)=E[u(7(A(c)0)l{<c] 

where 

EKJ(A(c)e)lf< c ] = *o + 



If there exists a c* with P(£ > c*) > which maximizes the value function 
c — > v(c) then the optimal contingent claim is given by 

Po 



X* = /(A(c*)0l{< £ 



Jo 



5>c* 



4>{u)du 



Lf>C*- 



where 



is the optimal solution of Problem V2 corresponding to {£ < c*}, which can 
be deduced from the proof of Lemma 4.1 □ 
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